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Memooosoeus u memoodukxu uccredoearusl. B MccaefoBaHUH HCIOAB30BAAHCH
TEOPETUYECKHUE METOMABI: AHAAH3 IIE€JATOTMYECKOH H METOAUYECKOH AUTEpPaTypEhI,
HOPMATUBHBIX JOKYMEHTOB; KCTOPUYECKHM, CpPaBHHUTEABHO-COIIOCTABUTEABHBIN
U AOTHYECKHI BHIBI aHAAU3A COAEPKAHHS II€IarOTHIECKOT0 MaTeMaTHIeCKOro 06-
pas30BaHUd; IPOTHO3ZUPOBAHUE, IIPOEKTUPOBAHHE H MOJIEANPOBAHHE METOAUIECKOMH
CHCTEMBI JBYXyPOBHEBOH ITOATOTOBKHU OYAYIIMX VIUTEACH MaTeMaTHKH.

Pesynemamel u HayuHAst HOBU3HA. YPOBHeBas aud(pepeHIHAIs CHCTEMBI
BBICIIIETO 00pa30BaHUs TPebyeT COCTaBACHHS COOTBETCTBYIOIMX YIEeOHBIX IIAQHOB OAS
bakasaBpraTa U Marucrparypbl. OCHOBOIIOAATAOIMM IIPHUHIIUIIOM IIPH 3TOM HOAXKEH
CAY?KUTB IIPHHITUII IIPEEMCTBEHHOCTH: MATUCTPATypa JOAKHA YIAYOASTE 3HAHUS, yMe-
HHUS ¥ HaBBIKH, Pa3BHUBATh KOMIIETEHITHH, IIpHOOpeTeHHbIe B bakasaBpuate. C aTHX
TIO3UILIMH B paboTe paccMaTpuBaeTcs Kypc «HHMCAOBBIE CHCTEMBD» — BasKHEHIIINHI B Me-
TOJIOAOTHYECKOM IIAaHE KypC A OyayIimx yuuTeaell MareMaTuky. Iloka3biBaercs, Ka-
KHM COJZIEp3KaHHEM OH JOAXKEH OBbITH HAIIOAHEH Ha YPOBHe GakKasaBpHaTa U Ha YPOBHE
MarvcTparypbl. B 6akasaBpuare mpemaaraercss M3y4HTb KAACCHYECKHE CUCTEMBI 4H-
CeA — HATYPAABHBIX, IIEABIX, PAIIMOHAABHBIX, NeHCTBUTEABHBIX ¥ KOMIIAEKCHBIX. B Ma-
THUCTPATypPe MOAXKHO OCYILECTBAATHCS MAABHEHIlee pacClIUMpeHue 3HAHHH CTYAEHTOB
0 CHCTeMax 4UHCeA, KOTOPble OCBAUBAIOTCS 3[ECh KaK TeOpHs aArebpaniecKUx CHCTEM,
BO3HUKIIIAd Ha CThIKE aAreOpbl U MaTeMaTHYECKOH AOTHKH. [IpeiMeToM M3ydeHus cra-
HOBSATCS aAreOpbl HAJZ IIOAEM, aAreOphI C IeACHHEM HaJ IIOAEM, aAbTepHATHUBHEBIE aA-
reOphl C AeAeHUEeM Hall IToAeM, HOpIAaHOBEI aATebphl, aare6pnl Au. ITocTiKeHre OCHOB
Teopuu aArebp MarucTpoM HpodHAs «MaTeMaTU4ecKoe obpaszoBaHue» GyaeT Crocob-
CTBOBaTh 60oAee OCO3HAHHOMY IIOHMMAHHIO UM CYIIECTBA aKCHOMATHYIECKOTO METOHa,
CTPOEHHS aKCHOMAaTHYECKHUX TEOPHUH B MaTeMaTHKE, MEXaHU3MOB Pas3BUTHSI MaTeMa-
TUYECKO HAyKH, 8 BMECTE C TEM IIOMOXKET CAOXKHUTHCS IIEAOCTHOMY BHAECHHIO MaTeMa-
THUKH KakK €QUHOM HayKu. B pesyabrare ob6pasoBaTeAbHBIN ypOBE€HH Marucrpa Oymer
BBIIIIe 00pa30BaTEABHOTO YPOBHS 6aKasaBpa IIearOTHYeCKOr0 MaTeMaTH4eCKOro o0-
paszoBaHus.

Ipaxmuueckas 3Hauumocmos. MaTepraabl CTaTbH MOTYT OBITH IIOA€3HBI PY-
KOBOAUTEASIM Kadeap U MaruCTepPCKHUX IIPOrpaMM, IIPENogaBaTeAIM KAACCUIECKUX
U IeIarOTHYEeCKUX YHHUBEPCHUTETOB, OCYILIECTBASIOININM IIOATOTOBKY 0OaKasaBpOB
B MarucCTPOB II0 HampaBaeHUIo «[legarorudeckoe o6pa3oBaHue (MaTeMaTHKA)».

Knroueesle cnoea: CUCTEMBI YHCEA — HATYPAABHBIX, II€ABIX, PAIIMOHAABHBIX,
BeIIeCTBEHHBIX, KOMIIACKCHBIX; ABOMHBIEC U AyaAbHbIE UHCAQ; TEAO KBATEPHUOHOB;
aarebprl ¢ meaeHHeM Haj moseM; Teopema PpobeHUyca; aAbTepHATHBHbBIE aAreOphl
C meaeHueM; asrebpa OKTaB; CHCTEMbI T'HIIEPKOMIIACKCHBIX YHCeA; HOpIAaHOBBI aA-
reOpbl, aareOphl AU; aKCHOMATHYECKUE TEOPUH YHCAOBBIX CHCTEM.

Adns yumupoeanusi: Uromun B. V. Kypc 4ncaoBBIX cucTeM B chopMare
ABYXYPOBHEBOM IIOATOTOBKH yuHuTeAed Marematuku // O6pas3oBaHHe M HayKa.
2017.T. 19, Ne 1. C. 81-102. DOI: 10.17853/1994-5639-2017-1-81-102.
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Abstract. The aim of this article is to analyze the format of a two-leveled
training — bachelor and master — future teachers of mathematics from the point of
view of the content of mathematical material, which is to develop prospective teac-
hers of mathematics at those two levels, shaping their professional competence.

Methods. The study involves the theoretical methods: the analysis of peda-
gogical and methodical literature, normative documents; historical, comparative
and logical analysis of the content of pedagogical mathematical education; fore-
casting, planning and designing of two-leveled methodical system of training of fu-
ture teachers of mathematics.

Results and scientific novelty. The level differentiation of the higher educati-
on system requires developing the appropriate curricula for undergraduate and
graduate programs. The fundamental principle must be the principle of contin-
uity — the magister must continue to deepen and broaden knowledge and skills,
along with competences acquired, developed and formed on the undergraduate le-
vel. From these positions, this paper examines the course «<Number Systems» — the
most important in terms of methodology course for future mathematics teachers,
and shows what content should be filled with this course at the undergraduate le-
vel and the graduate level. At the undergraduate level it is proposed to study clas-
sical number systems — natural, integer, rational, real and complex. Further ex-
tensions of the number systems are studied at the graduate level. The theory of
numeric systems is presented as a theory of algebraic systems, arising at the in-
tersection of algebra and mathematical logic. Here we study algebras over a field,
division algebra over a field, an alternative algebra with division over the field,
Jordan algebra, Lie algebra. Comprehension of bases of the theory of algebras by
the master of the «mathematical education» profile will promote more conscious
understanding of an axiomatic method, a structure of axiomatic theories in mat-
hematics, development mechanisms of mathematical science; at the same time it
will help to develop to complete vision of mathematics as a single science. As a re-
sult, the educational level of the master will be above the educational level of the
bachelor of pedagogical mathematical education.

Practical significance. The article can be useful to heads of departments and
graduate programs, faculties of classical and pedagogical universities, carrying
out preparation of masters in the direction «Pedagogical Education (Mathema-
tics)».
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BBeaenue

dopMaT OBYXypOBHEBOI BY30BCKOH IIOATOTOBKHU — OaKasaBpHaTa U Ma-
TUCTPaTyphbl — BKYIIE C IapaJurMoll KOMIIETEHTHOCTHOTO OOyYeHHd OymayIInxX
CIEITMAAMCTOB B CaMbIX Pa3HOOOPA3HBIX Chepax €Ille TOABKO IIBITAETCS OTBIC-
KaTb IIOAOXKEHHE PaBHOBECHsS B CyMOYPHOM ITOTOKE PedOpM, IIPOIOAIKAIOIIEM
obpymmuBaThca Ha obpazoBaTeAbHOE IIpocTpaHcTBO Poccun. Curyanus ¢ KoM-
NEeTEeHTHOCTHBIM IIOAXOA0M B 00AaCTH COBPEMEHHOI'0 MaTeMaTH4YeCKOro obpa-
30BaHUA OyAyIIMX HWHXKEHEPOB IIPEKPACHO OOpHCOBaHA BO BBOJHOM YacCTH
crateu E. [1. BoromoaoBoii [1]. He aAyunrum o6pa3oM BBITASANUT KOMIIETEHTHOC-
THBIH IIOAXO0M B 00AACTH IIOATOTOBKH OyAyIIMX yduTeAeH MaTeMaTHKH, B OCO-
OEHHOCTH B Te€X KAACCHYECKHUX YHUBEPCHUTETaX, KyJa B IIOCAEIHUE T'OJbl OBIAK
BAWUTBI PETHOHAABHBIE ITeJarOTHYecKHue HHCTUTYTHI.

[Tpobaema maHHOTO ITOAXOMA B YKa3aHHOH 00AACTH 3aCAYKHUBAET OTHAEAB-
HOTO paccMoTpeHus. OnpeneAreHHON ee 4acThio IBAGETCA OpraHHU3allus ABYXY-
POBHEBOro 00ydeHHs OyAyIMX yauTesel MareMaTHKU. HekoTopbele coobpake-
HHUS [0 3TOMY HOBOAY BBICKA3bIBAANUCHL HaMmu paHee [2-4]. B wactHocTH, Ha
YpoBHe OaKasaBpHaTa ILEAECO0OpPa3HO BECTH 00pa30BaTEABHYIO U IIPOQeCcCH-
OHAABHYIO IIOATOTOBKY HamboAee MacCOBOH KaTETOPHH yUYHTEAeH MaTeMaTHUKH
nas obecriedeHUs OCHOBHOIO OOIIEro IITKOABHOI'O o0Opa3oBaHHHA. BBINYCKHUK
noay4aeT o0pa3oBaTeAbHYI0 KBaAM(UKAIIUIO «DaKasaBp IIearorH4ecKoro o0-
pasoBaHus (II0 MaTeMaTHKE)» U IIPO(PEeCCHOHAABHYIO KBAANMUKAIIHIO «yIUTEAD
MaTeMaTHKH 5-9-X KaaccoB». Bropo# ypoBeHb (MarucTpaTypa) II03BOAUT I'OTO-
BUTB IIpernofaBaTeseii (yuureaeit) MaTeMaTHUKU JAS IIOAHOTO CpefiHero obpaso-
Bauua (10-11-x KAACCOB AUIEEB, THMHA3UN, CIEIIUAAN3UPOBAHHBIX IIIKOA
M KAAQCCOB C YTAYOA€HHBIM H3y4eHHEM IIpeaMeTa). BBINIyCKHUKY IIPHCBaUBaeT-
cs1 oOpa3oBaTeAbHAasT KBaAMMHUKAIINSI «MarucTp IIefarorudeckoro oopa3oBaHusg
(o matemaTtuke)». OOydyeHHE MAruCTPOB MOIKET OCYIIECTBAATHCHA U II0 UHIU-
BHAyaAbPHOMY 3aKas3y BY30B C IIEABIO IIOATOTOBKH AS HUX IIperofaBaTescH
W HayYHbIX PaOOTHHKOB B 00AaCTH METOIWKH IIPEIOJaBaHUS MaTeMaTHKH
(kBaamUKAITUA «MAaTUCTP MaTEMATHKHY).
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Takasg ypoBHeBasg audepeHIHalisg CUCTeMbl oOpa3oBaHHsS Tpebyer
COCTaBAC€HHA COOTBETCTBYIOIIIUX y‘IC6HBIX ITIAQHOB [OA4 6aKaAaBpHaTa U Maruc-
TpaTypbl. OCHOBOIIOAATAIONIUM IIPHUHITUIIOM IIPH 3TOM [OAXKHA OBITH IIpeeM-
CTBEHHOCTB: B MarHUCTpPaType CAEAyeT YTAYOAITE H paclIUpSTh 3HAHULA, yMe-
HUS ¥ HaBBIKH, 4 BMECTE C HUMHU U KOMIIETEHIIUH, COOPMHUPOBAHHELIE HA YPOB-
He OakasaBpHuara.

B cTpykType IIpeqMeTHOH IIOATOTOBKH 0OaKaAaBpOB IIeJAaroriYecKOro
obpaszoBaHusa (IPoPUAL — MaTeMaTU4YecKoe oO0pa3oBaHue) BBIOEATIOTCS ILIECTD
OCHOBHBIX HAaIlpaBACHUU (AMHHH): «DAeMeHTapHas MaTeMaTHUKa», «Aarebpa
U IUCKpeTHasd MaTeMaTHKa», «[eomerpus», «MaTemMaTHdecKul aHasu3», «Bepo-
ATHOCTh U CTATHCTHKa» U «MaTeMaTHKa B HUCTOPHUYECKOM pPa3BUTHH». B mpe-
OBIAYITNX HAIIHX IIyOAMKAIUEX OXapaKTepH30BaHO COAepIKaHHe KaK[IOoro H3
3TUX HaAIIpaBAE€HMM, OIMCaHbI II€AM, KOTOphIE Iepel HUMM CTaBdaTCd, U B3a-
MMOCBSI3H MeK/1y HUMH B IIpoliecce IIOATOTOBKH 0aKaAaBpPOB I1€4arorHYeCcKOro
obpasoBaHug ykaszaHHOro npocdguag [6]. Kpome Toro, paspaboTaHa MOOEABL
dyHIaMEHTAABHOM MaTeMaTHYeCKOM IIOATOTOBKHU OyAyINUX yduTeAeil MaTeMa-
TUKYU U UHPOPMATHKH B 00AACTH AUCIIUIIAMH AUCKPETHON MaTeMaTHKU (MaTe-
MaTudecKasl AOTHKa, TEOPHUsS aATOPHUTMOB, QUCKpeTHAd MaTeMaTHKa), B KOTO-
pOH IIOKa3aHO, KaK MOXKHO OPraHHYHO IIPEACTAaBUTH COJAEP:KaHHE NaHHBIX
OUCILIAIIAWH IIPH ABYXYPOBHEBOM CHCTeMe OOyYeHUS — B YCAOBHSX OaKaraBpH-
aTa U MarucTpaTtypbl. B Hacrosameil pabore C aHAAOTUYHOM TOYKU 3pEHUS
paccMaTpHBaeTCs KypC YHCAOBBIX CUCTEM IIPH IIOATOTOBKE OYAyIINX yuuTeaeit
MaTeMaTUKH [2].

[ToHsaTue yucaa — (pyHAaMeHTaABHeMHIIIee TOHITHE MaTeMaTHIeCKOH HAyKH.
HcTopuyeckn OHO CKAAOBIBAAOCE IIOCTEIIEHHO, B IIPOLIECCE pPelIeHHd Bce Goaee
CAOKHBIX BOIIPOCOB CHadaAa IIPaKTHYECKOIO, a 3aTeM H TEOPETHYECKOIo Xapak-
Tepa. MOIIHBIH TOAYOK K TEOPETHUECKOMY OCMBICACHHIO IIOHATHS YHCAA TAA0
B XIX Beke pas3BUTHE MaTEeMaTHYECKOIO aHaAu3a, 3aCTaBHUBIIIEE 3aHATHCS HCCAE-
JOBaHHEM €T0 OCHOB, a 3TO IOTPe00BaA0 M3yUeHUs CHCTEMBbI BEIIeCTBEHHBIX YH-
cen. [asbHeliliee yraybAeHHe 3HAHHUM B JaHHOM 06AacTH Ipou3omino B XX B.
BMECTE C PA3BUTUEM COBPEMEHHOM aArebpbl 1 MATEMATHIECKON AOTHUKH.

3Ha4YeHHe Kypca YHCAOBBIX CHCTEM JAA OyAylLIero
YYHTEAA MAaTEMAaATHKH
Kypc 4HCAOBBIX CHCTEM 3aHUMAaeT 0COO0e MECTO B CHCTEME IIOATOTOBKH
OyayIMX yYuTeAed MaTeMaTUKH. A HUX OH MMeeT ABOMHOE METOLOAOTHYEC-
Koe 3HadeHHe. Bo-IepBBIX, 6€3 BCIKOTO IIpeyBeAndeHUd, caenyd 3a Iludaro-
POM, MBI H ceMyac ¢ 0COOBIM BBIpaKeHHEM MOXKeM IOBTOPHUTH: «Bce ecTdb umc-
Aol [IeCTBUTEABHO, YHCAA A€XKAT B OCHOBE MaTeMaTHKH, (PU3UKHU, APYTHUX €C-
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TeCTBEHHBIX HAyK, IIPOHHKAIOT B I'YMaHHUTApPHYIO cchepy. KoMmbloTepHBIE TEXHO-
AOTHH, 10 HEy3HaBaeMOCTH IIpeo0pasyIollre COBPEMEHHBIH MUpP, — 3TO TOXKe
IIU(PPOBBIE TEXHOAOTHH. [103TOMy y4HUTEAb MaTeMaTHKH, ¢ 1-ro o 11-if Kaacc
MMEIOIIUH [eA0 C YUCAAMH M OOYyJaIOIIMM YHCAaM CBOMX YYEHHKOB, IOAXKEH
IPeNCTaBAATb, Ha KAaKOM TeopeTHdecKoM (byHIaMeHTe NaHHble 3HaHHUA 0as3u-
pytorca. IMeHHO 3HaHHS O MHpe 4dnceA OyayT B HEMaAO# CTEIIEHU CIIOCOOCT-
BOBaThb (POPMHPOBAHUIO Yy OYAYIIMX II€IATOTOB IIEAOCTHOI'O IIPE/ICTaBACHHUS
0 MaTeMaTHKe KaK HayKe.

Bo-BTOpBIX, COBPEMEHHOE IIPEACTABAEHHE O TEOPHUH YHCAOBBIX CHCTEM
TI03BOASIET BeChbMa OOCTOSTEABHO ITO3HAKOMHUTBHCH C (DyHAAMEHTAABHBIM METO-
JIOM COBPEMEHHON MaTeMaTHKH — aKCHOMaTHYEeCKHM METOIOM, TECHO CBs3aH-
HBIM C MaTeMaTH4YeCKOH AOTHKOH, YTO TakKXKe A00aBASeT 3HAHHH O MaTeMaTH-
Ke KaK eJUHOI HayKe.

Hakower, Ha IpuMepe JaHHOTO Kypca OyAyIIHUi yIUTeAb HarAsaHO YBH-
OUT, KaK BO3HHUKAaeT M pa3BHBaeTcCs MaTeMaTHdecKas HayKa — OT pellleHHs
KOHKPETHBIX NPaKTHUYECKHX 3aJa4 K MaTeMaTH4YeCKUM TEOPUSM BBICOKOTO
YPOBHS AOTHYECKOH abCTPaKIIHH.

B niporiecce o0ydyeHHs MaTeMaTHKe IIPOHUCXOAUT TECHOE AHIaKTHYECKOoe
B3aHMMOJEHCTBHUE MaTeEMATHKH M AOTHKH, MaTeMaTHYECKOTO COAePKaHUs (KOH-
TEHTa) U AOTHYECKOTO ayxa (aypbl). Kakue ObI BOIIPOCHI yIUTEAb HH OOBSICHAA
CBOHM YVYE€HHKAaM, OH 00s13aH IIOCTOSHHO CA€IUTH 3a T€M, YTOObI 3TOT AOTHYEC-
KHH OyX He YAETYYHACH U3 y4eOHOoro mnporecca. Ilegaror 10AXeH yIUTh:

1) AoTMUeCKOMY CTPOEHHIO MaTeMaTHYeCKHX IIPEIAOKEHUH (olpeneae-
HUH U TeopeM);

2) AOTHYEeCKOMY HOHATHIO J0Ka3aTEABCTBA MaTeMaTHYECKOH TEOPEMBI;

3) AOTHYECKHM MeTolaM J0Ka3aTeAbCTBa MaTeMaTHYEeCKHUX TEeOPeM;

4) AOTHYECKOMY CTPOEHHUIO MaTeMATHYECKHX TEOPHUH.

OTO CBOETO pojia MPHUHITUIIBI AOTHKH IIpH 00ydeHnHn MareMaTnke. OHH yKa-
3bIBAIOT OCHOBHBIE HalIpaBAE€HHA IPOHHKHOBEHHA AOTUKU B MI€ArOTHKy MaTe-
MaTHKH, CAYKAaT JOIIOAHEHHEM K O0IIeAUIaKTHYECKUM IIPUHITUIIaM ITPUMEHH-
TEABHO K IIPEIOflaBaHUIO 5TOH MUCIMIIAWHBI, YTOYHSIOT CTPYKTYPY TOH dacTH
IIeTarOTMYEeCKON HayKH, KOTopas CBs3aHa C O0ydeHHeM MaTeMaTHKe [6].

Yrobbl MUAAKTHYECKOE B3aMMOIEHCTBHE AOTHKH W MaTeMaTHKH ObIn0 3d-
(beKTHUBHBIM, HeoOXoAMMAa IleACHAIIpaBACHHAs IIOATOTOBKA OyAyLIHMX VIUTEAeH
B IefiarorudeckoM By3e. OHa JOAYKHA COCTOSATH U3 ABYX 3TAIIOB — AOTHYECKOM IOM-
TOTOBKH W AOTHKO-IUIAKTHYECKOH ITOATOTOBKH. YlapoM ITepBoi siBasieTcs IIpodoec-
CHOHAABHO-TIEATOTYECKH OPHEHTHPOBAHHBIN KypC MaTeMaTHYeCKOH AOTHKH, Oaa-
roiapsi KOTOPOMY CTYAEHTEBI IIPHOOPETAIOT HEOOXOAUMEBIe aad Oyaylei Iieqaroru-
YecKOM paboThl 3HAHHA M YMEHHsI B 00AaCTH AOTHKHU. [TocoOmsamMu mpu Takod moj-
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TOTOBKE MOTYT CAYZKHTB BBIIIYIIIEHHbIE HAMH KHUTH «MaTeMaTHdecKas: AOTHKA U Te-
OpHSI aATOPUTMOB» U «MaTeMaTHdecKasi AOTHKa» [7, 8|.

Norydeckas NOATOTOBKA OyAyIIMX yduTeAed MaTeMaTHKH [IOAXKHAa opra-
HHUYHO IIepepacTaTh B AOTUKO-TUAAKTHYIECKYIO. OTO 03HAYAET, YTO OCHOBOIIOAATA-
IOIHEe UOEH U METOAbI MaTeMaTHYeCKON AOTHKH, OOOOIIeHHBIE B BBIIIEYKA3aH-
HBIX TIPHUHINIAX, JOAXKHBI [IPOHHU3bIBATH BCE MaTeMaTHYeCKHe KypChl IIeBy3a:
TeOMETPHIO, aArebpy U TEOPUIO YKCEeA, MATEMATHYECKHUM aHAaAM3, UHCAOBBIE CHC-
Tebl, AUCKPETHYIO MAaTE€MaTHKy, TEOPHI0 BEPOATHOCTEH, TEOPHIO aATOPHUTMOB,
a TakXe KypPChbI IICHXOAOTO-IIEarOTHYECKUX OCHOB O0ydUeHHd MaTeMaTHKe, METO-
JUKY IIperioflaBaHus MaTeMaTHKH, UCTOPHUIO M METOOAOTHIO MaTeMaTHKH, B KO-
TOPBIX BHUMAaHHE CTYIEHTOB CAEyeT aKIIEHTHPOBaTh Ha BOIIPOCAX, HMMEIOIIIHX
IPUHITUIINAABHOE AOTHYECKOE 3HadeHHe. B MeTomudecKux Kypcax IenBy3a Jie-
MOHCTPHpPYETCsl, KAK MMEHHO 3HAHHS AOTHKH HCIIOAB3YIOTCS B IIPOLIECCE IIPEIIo-
[aBaHUsa KOHKPETHBIX Pa3feAOB H TEM IIIKOABHOIO Kypca MaTeMaTHKHU. [Tocobrem
II0 AOTHUKO-OUIAKTUYIECKON ITOATOTOBKE OYAyIMX YUIUTEAEH MaTeMaTHKH MOTYT
CAY?KUTH KHUTH «MaTeMaTHdecKas AOTHKAa Kak IIeflarOTHKa MaTeMaTHKI» U «Ma-
TEMaTH4YECKas AOTMKA B OOyYEHHH MaTeMaTHKe. AOTHKO-TUOAKTHYIECKas ITOATO0-
TOBKA YUYUTEAS MaTeMaTukm» [9, 10].

Taxkum 06pa3zoM, AOTUYECKAS U AOTHKO-AHAAKTHYIECKAas BUAbI ITOATOTOB-
KM JOAXKHBI CTaTh CHCTEMOOOPa3yoIMMH (haKTOpaMH B CUCTeMe BCeil IoAro-
TOBKH OyIyIIMX y9uTesed MaTeMaTHKH.

Kypc «4uCcAOBBIE CHCTEMBI», YUTAEMBIY OYAYILMM YIUTEASIM MAaTEMAaTHUKU
B IIeJarOTHYECKOM BY3€, TaKXKe CAYKUT HX AOTHKO-TUIAKTHYECKOH ITOATOTOB-
Ke. TeopHus YHCAOBBIX CHCTEM SBAseT CODOM YHHMKAABHBIH oOpasel] MaTeMaTH-
4eCcKOH TEeOpHH, Ha KOTOPOM METOAbl MaTeMaTHYEeCKOH AOTHKH M aKCHOMAaTH-
YEeCKOTO0 IIOCTPOEHUI MaTeMaTHYeCKOH TeOPHUH MOTYT OBITH IIPEICTaBAEHBI CTY-
JEHTaM HarASIHO U C IIOAHBIMH J0OKa3aTeAbCTBaMHU. [I010OHBIMH MeToaudec-
KMMH BO3MOXKHOCTSIMH He obaazaer mazke Kypc reomerpuu. Boaee Toro, Kypc
«HHUCAOBBIE CHCTEMBI» MOZKET OBITH AETKO aIalITHPOBAH [ASI CHCTEMBI IBYXY-
POBHEBO# IIOATOTOBKH OyAyIIMX y4YHTeAel MaTeMaTHKU — B 6akasaBpuate
U B MarHUcTpaType.

Kypc «dHCAOBBIE CHCTEMbBI» IASI OaKaAaBpOB
IeAarorH4ecCKoro oopa3oBaHHs
IMoayuas memarorudeckoe obpa3oBaHUe Ha YPOBHE GakasaBpuara, Oymy-
il yIUTEAb MATEMATHKU JOAKEH O03HAKOMHUTLCS C TEOpHUEH MOCTPOEHUS CAe-
AYIOIHUX KAACCHYECKHUX YHCAOBBIX CHCTEM: HATYPAABHBIX YHCEA N, ITEABIX YH-
CEA Z, PanmmuOHAABHBIX YHCEA Q, ﬂeﬁCTBHTeABHBIX gyrceA R 1 KOMIIAEKCHBIX YM-
cea C. MeToauiecKUM BOIIpOCaM IIPENoAaBaHUsa JAHHOTO Kypca B TAKOM O0B-
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eMe IIOCBsIlleHa Hallla cTaThs B XKypHaae «MaTeMaTHKa B BbICHIEM o0pa3oBa-
HUM» [11]. OTMETHM ee OCHOBHBIE HJIEH.

INocTpoeHne meopuu HAMYpPANTbHBLLX UUCcel HAYUHAETCA C YeTKUX IIepBOHA-
YaABHBIX TIOHATHH M (POpMyAHMpPOBKH akcuoM IleaHo. [JokasaTeAbCTBa TeEOpPEM
0 HaTypaAbHbBIX YHCAAX HUMEIOT CTPOLYIO AOTHMYECKYIO CTPYKTYDPY, OCHOBBIBAIOTCH
Ha aKCHOMe HMHAYKIIMM U HEeIIPEMEHHO OIMpaloTcd Ha chOPMyAMPOBaHHbIE aKCH-
oMel. [Tocae TOro Kak akCHoOMaTH4YeCKasl TeOpHUs HaTYPaAbHBIX YHCEA JOCTATOYHO
OCBO€HA, IIPUCTYTIAIOT K U3y4YEHUIO CBOHCTB 3TOH TEOPHH, T. €. K €€ METATEOPHH.
Bormpoc o HETPOTHBOPEYUBOCTH aKCHOMATHYECKOH TEOPHHM HATYPaABHBIX YHCEA
pelaercss Ha OTHOCHUTEABHOM YPOBHE: CTPOHTCH MOJIEAb 3TOH TEOpHH B paMKax
JPYToH aKCHOMAaTHYEeCKOH TEOPHH — TEOPHUH MHOXKECTB, 0a3upyroleiica Ha CHCTe-
me akcuoM Llepmeao-Ppenkeas (o Helt cm. [7], § 30), 1 TeM caMbIM IOKA3bIBAETCH,
YTO aKCHOMAaTH4YeCKad TeOpHs HaTyPaAbHBIX YHCEA HEIPOTHBOPEYUBA IIPU YCAO-
BHUH HEIIPOTHBOPEYHMBOCTH aKCHOMAaTHYECKOH TeopHu MHOxKecTB Llepmeao-Ppen-
Keadg. OGOCHOBBIBAETCS KaTETOPHYHOCTh aKCHOMATHYECKOH TEOpHUH HATypPaAbHBIX
4JrceA, IIOCTPOEHHOH Ha 0ase cucreMbl akcuoM [leaHo: AroOble aBE MOAEAM 3TOH
Teopuu N30MopdHbI. HakoHell, JoKa3bIBAeTCS HE3aBHCHMOCTb CHCTEMbBI aKCHOM
ITleaHo, T. €. HEBO3MOXKHOCTb JOKAa3aTeAbCTBA HM OMHOM M3 HUX, UCXOAd M3 Tpex
ocTaBIIHUXCS. [l0Ka3aTeAbCTBO OCYIIIECTBASIETCH C [IOMOIIIBIO IIOCTPOEHHSI COOTBET-
CTBYIOIIIMX MOIEAEH.

Hapany c akcuomartukoil IleaHo CyIIeCTBYIOT U ApPyTHE aKCHOMATHYECKHE
HOAXOABI K TEOPUH HATypPaAbHBIX uHceA. Kaxkaas M3 aKCHOMAaTHK OCBEIAET ITOHH-
THEe HaTypaAbHOIO YHCAA CO CBOEM CTOPOHBI, HO BCE OHM 3KBHBAA€HTHBI APYT APY-
Iy, IIOCKOABKY, KaK M akCcHoMaTHKa [leaHo, KaTeropuyHbl 1 (haKTHYECKH OIHUChIBa-
IOT OHH U TOT 3Ke 00BeKT. [IprMepoM MOZKET CAYKUTH aKCHOMAaTHKa, OCHOBaHHAas
Ha OllepalMax CAOKEHHS M yMHOXKeHHd. CucreMa HaTypasbHBIX yuucea < IV;', 1 >
paccmarpuBaeTcad Kak asrebpawmdeckas cucrema < N; +, [ u ompeneaserca Kak
MHHHMAaABHOE ITOAYKOABIIO (2CCOLIMATUBHOCTB M KOMMYTATHUBHOCTE CAOXKEHHS, COK-
PaTHMOCTB II0 CAOKEHHIO: X + U = Y + U= X = Y, ACCOLMATUBHOCTb YMHOXKEHUH, TH-
CTPUOYTHBHOCTb YMHOKEHHSI OTHOCHTEABHO CAOXKEHMH) C HEUTPAABHBIM 3A€MEHTOM
1o ymHOzKeHHI0 (L1)(xd = 1 Ox = x) u 6e3 HeUTPaABHOIO SA€MEHTA I10 CAOKEHHUIO (VX,
Y)(x# x + y). OT™MeTHM, YTO B CHAY IIOCAETHETO CBOMCTBA IIOAYKOABIIO < N, +, [> Ha-
TYPaABHBIX YHCEA HE IBASETCH KOABIIOM.

Eme onuH mpuMep: 3a OCHOBY O€pyTCsl CBOMCTBAa CHCTEMBI HATypPaAbHbBIX
4HceA KaK YIOpSAoYeHHOro MHoxKecTBa. CHcTeMa HaTypaAbHBIX dHceA < NN < >
XapakTepu3yeTcsd KakK OeCKOHEYHOe (AMHEHHOE) BIIOAHE YIIOPSAOOYEHHOE MHO-
3KECTBO, BCSIKOE IIOAMHOXKECTBO KOTOPOTO, UMeEIoIllee MaKCHMaAbHBIN SA€MEHT,
KOHeYHO. (YIOpsIoYeHHOe MHOXKECTBO — 3TO MHOXKECTBO BMECTE C 3aaHHBIM
Ha HEM OTHOIIEHHEM HopsaaKa <. AMHEeHHOCTb OTHOLIEHUd IMOopsAAKa < Oo3Hada-
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eT, 4To (VX, Y)(x £ y V y £ X).) ANHEeHHO yIIOPSI0UYeHHOEe MHOXKECTBO Ha3bIBAET-
Cs1 BIIOAHE YIIOPSAO0YEHHBIM, €CAH OHO YIOBAETBOPSET YCAOBHIO MHUHHMAaABHOC-
TH: BCAKOE HEILyCTOE ITOAMHOZKECTBO 3TOI'0 MHOKECTBA HMEET XOTd Obl OIHH

MUHHUMAaAbHBIN OA€EMEHT, T. €. 9A€EMEHT, MEHBIIIE KOTOPOTO SAEMEHTOB HET.
Bce IIOCACAYIOIIHE YHCAOBBIE CHCTEMBI, pacCMaTpUBa€EMbI€ B IIOPAOKE

YBEAWYEHUSI MHOKECTB COLEPKAIIUXCI B HUX DAEMEHTOB (4lCeA), CTPOSTCS 10
OMHOMY U TOMY 3Ke IAaHy. [Ipu 5ToM B Kaxkaol 6osee 0ObEMHOM YHCAOBOM CH-
cTeMe MbI IIpHoOpeTaeM BO3MOXKHOCTBH BBIIIOAHATH TaKHe OEHCTBUSA C YHCAA-
MH, KOTOPbIE HE MOTAHM OCYILIECTBAATH B IIPEAbIAYIIEH 4MCAOBOM cucTeme. Ka-
XKIasd YHUCAOBad CHCTeMa BBOAUTCH OIpedeACHUEM, Te IIEPEIUCATIOTCS Tpebo-
BaHMs, KOTOPBIM OHa MOOAXKHA YIOBAETBOPATH. IJTO OIpeHeA€HUE II03BOASIET
[OKas3aTh AEMMY O CTPOEHUU COOTBETCTBYIOIIEN YUCAOBOM cucteMbl. B Hell 1o-
KasbIBaeTCd, YTO KaKJ0€ YHCAO HOBOM CHCTEMBI MOXKHO 3aJaTh HEKOTOPOH
OIIpEeIEACHHBIM 00pa30M OPraHH30BAHHOM COBOKYITHOCTBIO YHCEA CHCTEMBI
Ipenplayiero ypoBHs. OOBIMHO TAaKOM COBOKYITHOCTBIO OKA3BIBAETCS YIIOPSII0-
4eHHas IIapa 4HCeA U3 CHCTEMBI IPEeAbIAYIIEro ypoBHs. C IIOMOILBIO 3TOH A€M-
MBI OCYILIECTBASIETCSI KOHCTPYKTHBHOE IIOCTPOEHHUE BBOAUMOM YHCAOBOM CHCTE-
MBI U3 «MaTepHaAa» YHCAOBOH CHCTEMBI, IIOCTPOEHHE KOTOpPOH IIpoleaaHO Ha
IpenpIayIIeM IIare paciuupeHuii. CTpoUTCS BCS HOBas YHCAOBAd CHCTEMAa
BMECTe C BKAIOUEHHOH B Hee CUCTeMOH IIpeabIayIero ypoBHs. Takum o6pa3om
JOKa3bIBaeTCsd CYIIECTBOBAHHE COOTBETCTBYIOLIEH YHMCAOBOM cucTeMbl. Hako-
Hell TakK>Ke C HCIIOAB30BaHMEM AE€MMBI O CTPOEHHM paccMaTpuBaeMOM YHCAO-
BOM CHCTEMBI H H30MOpP(H3Ma AIOOBIX ABYX YHCAOBBIX CHCTEM IIPeIbIAYIIETO
YPOBHS (KATErOPUYHOCTH aKCHOMaTHYECKOM TeopHU IIpenblAyIlero ypPOBHH)
JoKasbIBaeTcd H30MOP(MHU3M AIOOBIX ABYX YHCAOBBIX CHCTEM JAHHOI'O YPOBHS
(KkaTeropHMYHOCTb aKCHOMATHYECKOH TEOPUH JaHHOTO YPOBHH).

CucreMa HaTypaabHBIX uucea < N; +, [> gBAgeTCa IIOAYKOABIIOM, HO He
KoablloM. [loaTomMy cucmema uenoix uucen < Z; +, [> omnpenessercd Kak Ha-
HMEHBIIIEe KOABIIO, COAEpPIKaIllee CUCTEMY HaTypaAbHBIX dHnceA. Onepanus BbI-
YHUTAHUS B CHCTEMe HATYPAaABHBIX YHCEA YacTUYHA (oIpeneAcHa He OAS AIOOBIX
IOBYX HaTypaAbHBIX 4dlceA). B KOABIle IIEABIX YHCEA 3Ta OIlepalld CTAaHOBUTCH
BCIOZly OIIpEAEACHHOMN. B KadyecTBe MOAEAN TEOPHUHU LIEABIX YHCEA CTPOUTCH CHC-
TeMa Iap HaTypasbHBIX uyncea (K. Betiepmrpacce, 1894).

CucreMy IIEABIX YHCEA MOXKHO OXapaKTepH30BaThb C IIOMOIIBIO CAEAY-
IoIMxX ycAoBUM. KOABIIO ITEABIX YHCEA — 3TO KOABIO C eAHHUIEH (eIMHUYHBIM
SAEMEHTOM) e, He cojiepzKalllee OTAHMYHOI'O OT HEro IIOAKOABIA C eIHUHHUIleH
U obAaarolee TeM CBOMCTBOM, 4To n /é# 0 mgasa Ar0060ro HaTYpPaAbHOTO YHCAA N.
B camoM zeae, HETPYZAHO IIOKa3aTh, YTO MHOXKECTBO BCEX SAEMEHTOB BHUaa n [&
uzomMopcHo cucreme < N; +, [> HaTypaabHbIX umuceA. CAefOBATEABHO, JAHHOE
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KOABIIO COAEPKHUT IOAKOABIIO Zp, U30MOP(HOE KOABILy Z LIEABIX YHCEeA, I1OC-
KOABKY KOABIIO Z— MHUHHMAaAbHOE U3 TaKUx Koaell. Ho Tak Kak Zy COOEpKUT
€IVHUILY e, TO, 10 YCAOBHIO, Zy JOAKHO COBIIACTH C JaHHBIM KOABIIOM, KOTOPOE
OyIET KOABIIOM ITEABIX YHCEA.

KoaBI10 Z 11eABIX YHCEA He SBASETCHI IIOAEM, U Ollepallus NEeA€HUsS B HEM
4YacTHU4HA, T. €. IPUMEHHMa He K AIOOBIM [BYM €ro HEHYAE€BBIM dA€MEHTaM: He
AL ATOOBIX IIEABIX a W b # 0 HalgeTcsa Takoe Ileaoe X, 4To a [k = b. B cBa3u
C 3THM BO3HHKAaeT IpobaeMa pacIIHpeHUs 3TOI0 KOABIIA 0 IIOAL, JKEAATEABHO
HauMeHbIero. Tak IpuxondaT K cucmeme (noswo) < Q; +, [> pauuoHanbHbix uu-
cesl. B KauecTBe MOJEAN TEOPHH PAIlMOHAABHBIX YHCEA CTPOHUTCS CHCTEMa Iiap
1eabIx gncea (2K. Taunepu, 1894).

IToae Q pallOHAABHBIX YHCEA 00AATAET PSIOOM BaKHBIX CBOMCTB:!

1) oHO AMHEHHO YIIOPSAL0YEHO;

2) ono maotHO: (O x, y)(x <y - (Of(x < t<y));

3) oHO apxumenoBcKu yriopsaodeHo: (0 x)(0 y > 0)(0n O N)(nl > x).

Kpome Toro, crucremy palloOHaAbHBIX YHCEA MOXKHO OXapaKTepHu30BaThb
KaK HauMeHbllee rose xapakTepucTUKHU 0. (FoBoOpsAT, YTO II0OA€ MMeEeT Xapak-
TepucTHKY 0, ecan n [a# 0 nag A060ro ero 3aeMeHTa a U AI00OTO IIEAOTO YHC-
ranz0.)

Cucmema R OJdeilicmeumenvHblx (8euyecmeeHHblx) uucesl CTPOUTCS Kak
paciupeHye moass Q palMoOHaABHBIX YHCEA C LIEABI0 HaJeA€HHs HOBOM cHCTe-
MBI €eIlle OAHHM BasKHBIM CBOMCTBOM, KAKUM He obaamaert 1oae Q. [lero B ToM,
4TO0 B IoAe Q (KaK ¥ BO BCSIKOM YIOPSAOYEHHOM II0A€) Al0Oas CXOAAIAsCcs Mo-
CA€ZIOBATEABHOCTb (DyHIAMEHTAABHA (HAM SIBASIETCH IIOCAENOBaTEABHOCTBIO Ko-
1Y), HO He Kaxaasd (pyHOAaMEHTaABHAd IIOCAEOOBATEABHOCTH CXOOMUTCSH, T. €.
uMeeT Ipenea. [Toaromy cucrema R AeHCTBHTEABHBIX (BEILECTBEHHBIX) YHCEA
onpeaesseTcd KakK apXHUMEIOBCKH yIOpsiAodeHHoe IoAe < R; +, [, comepxa-
miee moae < Q; +, [> pallMOHAABHBIX UHCEA B KauecTBe IIOAIIOAS, B KOTOPOM
Bcakasa (PyHAAMEHTaAbHasl II0CA€JOBATEABHOCTb CXOOUTCH (MMEET IIpeleA).
ITocaenuuit pakT Ype3BBIYANHO BaiKeH JAS OCHOBaHUH MaTeMaTHKH. OH neaa-
€T MoAe AeHCTBUTEABHBIX YHCEA HAZeXKHBIM (PYHIAMEHTOM IOAd MaTeMaTHdec-
KOT'O aHaAM3a ¥ MHOTHX IIPUAOKEHHUH HEeIPEePhIBHOM MaTeMaTUKH.

CyiiecTByeT pdn cIocob0B KOHCTPYKTHBHOIO IIOCTPOEHHUS II0Ad JeH-
CTBHUTEABHBIX YHCEA HU3 IAEMEHTOB II0AS PAIIMOHAABHBIX YHCEA: C IIOMOIIBIO
yHIAMEHTAABHBIX IIOCAEIOBATeABHOCTell paltmoHaabHBIX uywncea (LII. Mepe,
1869; I'. KanTop, 1879); ceueHuil B moae palioHaAbHbBIX umucea (P. [Jenekunn,
1872); 6eckoHeUHBIX AecaTUIHBIX apobeit (K. Betiepmrpace, 1872).

CylIecTBYIOT H ApPyrHe aKCHOMAaTH4YeCKHe XapaKTepHu3allMHd CHCTEMbI
NeHACTBUTEABHBIX YHCEA, T. €. TAKHE CHUCTEMBI aKCHOM, [AS KOTOPBIX CHCTEMa
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OeHACTBUTEABHBIX YHCEA SIBASIETCH €IUHCTBEHHOM C TOYHOCTHIO 10 M30MOPQU3-
Ma MofeAblo. OfHa M3 HUX YTBEPKIAAEeT, YTO CHUCTeMa AeHCTBUTEABHBIX YHCEA
U TOABKO OHa SIBASIETCSI TIAOTHBIM B cebe, MOAHBIM IO [leIeKWHIY, AWHEHHO
VIOPSAOYEHHBIM MHOXKECTBOM 0€3 HaHMEHBIIIETO M HAaHOOABIIEIO0 SAEMEHTOB,
B KOTOPOM CYILIECTBYET CUETHOE, BCIOAY ITAOTHOE ITOAMHOXKecTBO. ([IaoTHOCTB
O3HaAYaeT, YTO MEXAY AIOOBIMU ABYMS DA€MEHTAMH MHOXKECTBA PaCIIOAOXKEH
XOTsl OBl eIlle OAWH ero aAeMeHT. [loaHoTa, coraacHo [lemeKuHAy, O3HAYAET,
4TO BCSKOE€ HEIIyCTOE, OTPaHUYEHHOE CBEPXY MOAMHOXKECTBO HMEET TOYHYIO
BEpXHIOIO IpaHb. CyllecTBOBaHHE BCIOAY IAOTHOTO IIOAMHOXKECTBa, Ha3bIBa-
eMoe CBOMCTBOM cenapabeAbHOCTH (OTAEAVMOCTH), 03HAYAET, UTO JAS KasKIO0r0
5A€MEeHTa MHOXKECTBa CYIIECTBYEeT KaK yroHO OAM3KUH K HEMY SA€MEHT 3TOrO
IIOAMHOXKECTBA.)

C aTO0l1 XapaKTepHUCTUKON CUCTEMBI AeHCTBUTEABHBIX YHCEA CBA3aHAa Of-
Ha U3 3HAMEHHUTBHIX MaTeMaTHdecKux mpobaseM XX Beka — nmpobaema M. 4. Cyc-
avHa. TpebyeTca y3HaTh, COXPAHUTCS AW yKasaHHAsd XapaKTEPUCTHKAa CUCTe-
MBI AeHCTBUTEABHBIX UHCEA, €CAH B Heil yCAOBHE cenapabeAbHOCTH 3aMEHHTH
Goaee caabbiM TpeboBaHMEM, Ha3bIBaeMbIM ycaoBHeM CycamHa: Arobasi CHCTe-
Ma Hu3 IIONapHO He IIePEeCEKAaIOINXCs HEIIYCThIX HHTEPBAAOB He Ooaee dueM
cYeTHa.

M. 4. Cycansn (1894-1919) npozRua KOPOTKYIO KU3HB [12], a ero mpobae-
Ma cTasa MOOCTOSHHMEM Hay4JHOM OOIIECTBEHHOCTH VK€ IIOCAE €ro CMEePTH,
B 1920 r. Ha ee ocmrbicaeHue mnotpeboBasock Goaee 40 aer. [Io 3HAUMMOCTHU
OHa BCTaAa B OAHUH Psf C KOHTHHYyM-TIpo6aemoii KaHTopa, u pelieHue obenx
OBIAO TTOAYYEHO AWIIb B Hadase 60-x rr. XX B., Korza aMepHUKaHCKHH MaTeMa-
TUK II. KOOH OTKpBIA HNPUHIUIIHNAABHO HOBBIH MeETOH AOKAa3aTEAbCTBA, IIOAY-
4YHUBHINH Ha3BaHHe (POPCHUHI (BBIHyXKAeHHe). (3a 3TO OTKpbITHE B 1966 r. Ha
MexayHapoaHoOM MaTeMaTHieckoM KoHrpecce B MockBe I1. KoaH 6bI1A ymocTo-
eH PUAICOBCKOM IPEMHUM — OAHON M3 IMPECTHUKHBIX MEXKAyHapOoOHBIX Harpas,
KOTOPBIX YAOCTAaHBAIOTCH yYeHbIe-MaTeMaTHKH.) BpIICHHAOCH, YTO mIpobaeMy
CycanHa, KaK U KOHTHHYyM-IIpobaemy KaHTopa, BooOIIe HEBO3MOXKHO PEIINUTD
B OOBIYHOM CMBICAE CAOBA, T. €. JAThb OIPENEACHHBIH OTBET «Ja» MAM «HET» Ha
nocTaBAeHHBIH Bompoc. 'mnotesa CycanHa, Kak U KOHTHHYyM-TUIoTe3a Kan-
Topa [13], oKa3aaack He 3aBHCAIIEH OT OCTAABHBIX aKCHOM TEOPHH MHOXKECTB.
(Kpome Toro, 6BpIAa TaKKe yCTaHOBAEHA B3aWMHAas HE3aBHCHUMOCTH 3THUX THIIO-
Te3.) [IpyruMH cAOBaMH, BO3MOXKHa TEOPHs MHOXKECTB, B KOTOPOH THUIIOTe3a
CycanHa crpaBefaHBa, U BO3MOXKHa TEOPHUS MHOXKECTB, IZle 3Ta THIOTe3a He
noaTBepxaaercd. CHUTyallsa oKa3aaaCh CXOAHOM C JOKa3aTEABCTBOM IISTOIO
noctyaata EBranga, KoTopada Oblaa paspelieHa B nepBoi moroBuHe XIX Beka,
B pe3yAbTaTe 4dero Oblaa HE IIPOCTO OTKPHITA HOBad, BooOpakaeMas NeoMeT-
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pHus, IIOAYYHBIIIas Ha3BaHHE TeoMeTPHH Ao0adeBCKOro, a Hadasach HOBad
3I0Xa B Pa3BUTHUU BCEM MaTeMaTH4YE€CKON HAYKH.

B nmoae R meHiCTBUTEABHBIX YHCEA HE BCETZa BBIIOAHHMA OIlepallysd H3-
BACYEHHUS KBaJIPATHOI'O KOPHs, oOpaTHAd K OIlepalllU BO3BEAEHHS B KBaZpaT:
HEAB3S M3BA€Yb KOPEHb KBaPATHBIH U3 OTPUIIATEALHOTO YHCAA. YICHO, 4TO ec-
AV MBI CyMeeM H3BA€YDb KBaJIPATHBIH KOPEeHb M3 4YHcaa —1, TO CMOKEM H3BAE-
KaTh €T0 U3 AI0O0T0 OTpHUIIATEeABHOTO YHcaAa. [103ToMy caemyrolias cucTeMa 4u-
cea, pacmuupsironias mose R OefCTBUTEABHBIX YHCEA, OIIPeleAseTcs Kak Ha-
uMeHslnee oae <C; +, [>, comepkatee moae < R; +, [> B KadecTBe IOAIIOAS
u areMeHT i [] R co cBOHCTBOM # = —1, KOTOPBIH Ha3bIBAETCS MHUMOU eCuHUyel.
(Tlocaemuee TpeboBaHHE O3HAYAET, UYTO aAreOpamyeckKoe ypaBHeHHe X2 + 1 =
0 umeet pemenure B rose C.) OHO Ha3bIBAETCS NoJiemM KOMNIEKCHbIX uuces. ITo
II0A€ KOHCTPYKTHBHO CTPOUTCS W3 VIIOPSAOYEHHBIX Hap AEHCTBUTEABHBIX YHCEA
(Y. TamuabToH, 1837), 1 I10KA3BIBAETCS €I'0 €IMHCTBEHHOCTh C TOYHOCTBIO J10 H30-
Mopdusma. Brlmeasercsa 0JHO CBOMCTBO 3TOTO IIOASI, OTAMYAIOIIEE €T0 OT IIPeabI-
IYIIMX YUCAOBBIX CHCTEM: €r0 HEAB3sI AMHEHHO YIIOPAO0IUTD.

[TocTpouM B 0OLIEM BHAE BO3PACTAMIIYI0 IOCAEOOBATEABHOCTH YHCAO-
BeIX cucteM: N ZO QU RO C. IIpu KaxkaA0M TaKOM IIEPEXOME MBI II0AyYaEM
BO3MOJXKHOCTEH pas3pelleHns Bce 00Aee CAOXKHBIX aareOpaudecKux ypaBHEHHMH:
X+ m = n (upu nepexozne ot N K Z), a x = b (mpu nepexone ot Z K Q). [Ipu ne-
pexone oTr Q K R HekKoTOphle aareOpandecKrue ypaBHEHHs, He pas3pellrnMble
B IIPEOBIAYIINX YHCAOBBIX CHCTEMAaX, MOTYT OBITH pa3pelleHbl, HaIpUMep
x? =2. Tem He MeHee U B Ioae R He Bce aarebpandecKue ypaBHEHHUS HMEIOT
XOTs 6BI OMUH KOpeHb. TOABKO ¢ BBefieHHEM B IToae C KOMIIAEKCHBIX YHCEA Y KaiK-
[IOTO aATeOpandecKoro YpaBHEHHs CTEIEeHU N 2 1 ¢ K03 PUIIMeHTAMH U3 TIOAS
C 6ynmert, 110 KpaiiHeil Mmepe, oquH KOopeHb U3 1noas C. B atom coctout aarebpa-
uyeckasl 3aMKHYyTOCTb noass C, BHepBble nokazaHHas K.-®. layccom (1777-
1855). Boaee Toro, Kaxkaoe Takoe asrebpandyeckoe ypaBHEHHE CTEIleHH n = 1
MMeeT POBHO N KOMIIAEKCHBIX KOpHeH, CHUTaeMbIX C UX KPATHOCTSIMHU. DTO yT-
Bep3KZeHHe HOCUT Ha3BaHHE OCHOBHOM TE€OpeMbI aAreOphl, U OHAa MIOKA3bIBAET,
YTO C BBEIEHUEM ITOASI KOMIIAEKCHBIX YHCEA Ues PACIINPEHNS YHCAOBBIX CHUC-
TeM, CBs3aHHas C OPaKTUYeCKOH 3azadeil paspelIrMOCTH aArebpandecKux
YpaBHEHUH, (paKTHIECKH ITOAYYAET CBOE 3aBepIICHUE.

Ha stToMm B 6akasaBpHaTe MOXKHO 3aBEPIIUTH 3HAKOMCTBO OyAYIIUX YIH-
TeAell MaTEeMaTHUKU C CUCTEMaMU 4duceA. KaKablil CTYOEHT HOAXKEH OTYETAUBO
IPEACTABAITh AEeAYKTUBHO-aKCHOMATHYECKHE OCHOBBI IIKOABHOTO Kypca Ma-
TEMaTHUKU — KaK aATeOpbl W HadYaA aHaAu3a, TaK U reoMeTpuu. Be3ycaoBHO,
npaB Obla akageMUK A. H. KoaMoropon, yTBepKIaBUINH, YTO «IIOHHUMaHHE He
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TOABKO ITPAKTHYECKOH IIeAeCOODOpPa3HOCTH, HO M AOTHYECKOH 0DOCHOBAaHHOCTH
BbIOOpa omIpeneAeHHHE IIPH (POPMaABHOM IIOCTPOEHHH COOTBETCTBYIOIIHUX Te-
OpUH IIPEeNCTaBAFETCS... COBEPIIEHHO HEOOXOAMMBIM 3A€MEHTOM BOCIIHTAHUS
Oymoyimux yuuteaei» [14, c. 265-260].

Boaee nogpobHO MeTOOWYECKHE BOIIPOCHI U3A0KEHHS Kypca «HHcAOBBIE
CHCTeMBbI» OCBEILIEHBI B APYTUX HAIIUX paborax [9-11].

Kypc «4YHCAOBBIE CHCTEMBI» JAS MarHCTpPOB
IeZaroru4eCcKoro oopa3oBaHus

JloTioAHUTEeABHBIE OBa roJa o0pa3oBaHUA B MarHUCTpaType OAl0T BO3-
MOXKHOCTBb OyAyIlleMy YYHUTEAI0O MaTE€MATHKH IIOAYYUTH OoAee BBICOKYIO KBaAU-
dpHUKaIHIO U, B YACTHOCTH, TAyOKe IIPOHUKHYTH B TEOPUIO YUCAOBBIX CUCTEM.

B03MOXKHO AW JaAbllle paACHIMPATE CHCTEMBI YHCEA H, €CAH Oa, TO KaK?
H3BecTHO, YTO MHOTHE pa3/ieAbl MaTeMaTHKN BO3HHKAAW W3 IIOTPEOHOCTH pe-
LIEHWUd TeX MAW MHBIX ITPaKTHYECKUX 3aaa4. OmHaKO, KOTaa 3TH 33439l pelra-
AWCBH, MaTEMATHUYIECKHE TEOPUU ITPOJOAKAAU PA3BUBATLCH 110 CBOUM BHYTPEH-
HUM 3aKOHAM MaTeMaTHYEeCKOH HayKH, [IOPOi BeCbMa JAAEKO VIAASISChH OT I10-
poauBIIeil UX IPAKTHKH.

Tak, omMCaHHBIE BBIIIE TEOPUH YHUCAOBBIX CHCTEM BO3HUKAHW U3 IIOTPed-
HOCTel pelleHtsl asreOpandecKuxX ypaBHEHUH U CTPOroro o60CHOBaHHUSA HIEU
HENIPEPBIBHOCTU — TAABHOM HIEU MaTeMaTHYeCKOro aHaaus3a. Korma 3T 1ieAn
OBbIAM MOCTUTHYTHI, B KoHIle XIX — Hayare XX Beka aKTHUBHU3HPOBAAOCH BHUMA-
HHe K aKCHOMAaTHYEeCKOMY MeTOay, Hadaaa OypHO pa3BHUBATbCA MaTeMaTHUeC-
Kasg AOTHKA, BO3HHKAA COBpPEMEHHasl asrebpa Kak MarTeMaTudecKasl Hayka,
usydaroas asrebpaudeckue CHUCTeMBI. CHCTEMBI YHCEA OKA3AAUCH YaCThIO
aToro OoAee OOILIETO MOHATHUS, H y3Ke TeOpHs asreOpandecKux CUCTeEM (POpMy-
AVPOBaAa M AUKTOBaAa OdYepeHble 3a/lavl U IMPOOAEMBI U yKa3bIBaAa METOMBI
UX PEIEeHUs.

KomnnercHble, 060iliHble U OQyanbHble yucaa. BepHeMcs K mpoleaype
paciupeHus oA R AeHCTBUTEABHBIX YHCeA OO0 MOAs C KOMIIAEKCHBIX YHCEA.
Hama mpakTuyeckas 3azada — peuaTek asrebpandeckue ypaBHeHHs. [ag 3To-
ro TpebyeTcss BBECTH HOBBIH saeMeHT i[] R, aBagrommiica pelleHHueM IIpoc-
Telinrero HepaspemuMmoro B R ypaBHeHus x2 + 1 = 0. Torma KasKapIif 3A€MeHT
u3 HOBOTO moAst C IOAXKEH UMeTh CAeayIolllee cTpoeHue: a + bi, tae a, b O R.

[Torpo6yeM Terepb HOOUTHCSI, YTOOBI COBOKYITHOCTb BCEX OOBEKTOB BHOA
a+ bi, tne a, b 0 R, 6b1aa GBI He IT0AEM, & XOTsI ObI KOMMYTATUBHBIM KOABIIOM,
HO coOepsKallluM IT0A€ R MefiICTBUTEABHBIX UHCEA B KAYECTBE IIOMIIOASI, T. €.
6nlaa OBl pacimpeHHeM oAs R. OTa 3amada He MMeeT HUKaKOH IIpaKTHdec-
KOM HaIIpaBA€HHOCTH, a HOCUT YHCTO MaTeMaTudeckKuii xapakrep. OHa pelie-
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Ha. OKaspIBaeTCd, TaKHUX PACHIUPEHHIN CYyLIECTBYeT POBHO TpH. I[lepBoe us
HHUX — 3HaKOoMoOe HaM Itoae C KOMIIAEKCHBIX YHCeA, IIPU 3TOM 3aeMeHT i U R Ta-
KOB, 4T0 # =-1. Bropoe — KoAbIo D; Tak Ha3bIBAEMBIX OB0UHbLX UUCE], IAE-
MmeHT i [] R TakoB, uto # = 1. HakoHell, TpeThe — KOABIIO Dy TaK Ha3bIBAEMBbIX
JyanbHblx uuces, 3aeMeHT i [ R TakoB, yTo 2 = 0. V3 3THX TpeX KOAEI] TOABKO
C aBagetrcda noreM. B KOMMyTaTUBHBIX KoAbIIaX Do 1 D; HEBO3MOXKHO [€ACHHUE,
T. €. Hepa3pelIuMbl ypaBHeHus BUaa a [k = b.

ITockoabKy cucteMa C KOMIIAEKCHBIX 4HCe€A, KaK U cucreMa R meicTBH-
TEABHBIX YHCEA, SBAFETCS II0AEM, MHade IoBOpPsi, KOMIIAEKCHBIE YHcAa obaama-
IOT BCEMH OCHOBHBIMH CBOHCTBaMH [AeHCTBHTEABHBIX YHCEA, CBSI3aHHBIMH
C olepalaMU CAOXKEHHS U YMHOXKEHHU, TEOPHUI KOMIIAEKCHBIX YHCEA MOAYIH-
Aa IIMPOKOE MaTeMaTHYeCKoe pa3BHUTHeE. [JAd KOMIIAEKCHBIX YHCEA OIpeneAe-
HBl U M3y4YeHBI IIPAKTHUYECKH BCE IIOAOKEHHS NeHCTBUTEABHOIO aHaAu3a, H,
KaK CAEICTBHE, TEOPHUs KOMIIAEKCHBIX YHCEA Halllaa HIUPOKOe IIpUMEHEeHHe BO
MHOTHX pa3feAaxX MaTeMaTHKH U €€ IPaKTUIEeCKUX IIPUAOKEHUAX. 3HAUYUTEAD-
HO MeHee 0oraTol oKasaaach TEOPHs ABOMHBIX M AyaAbHBIX YHceA. TeM He Me-
Hee U A HUX OIIpelleA€Hbl MHOTHE IIOHATHS MAeHCTBHUTEABHOIO aHaAu3a,
U JaHHAas TeOpUs TaKKe HaXOAUT CBOU NpuMeHeHUdd [15].

Teno xeamepHuoHoe. Ecau mIpu pacIIMpPeHNH I10Ad R MBI HE XOTHM OT-
Ka3bIBaThCA OT BO3MOXKHOCTH [EACHUS, TO IPUAETCA OTKa3aThCd OT KOMMYyTa-
TUBHOCTH YMHOXKeHHs (100 oba 3TH TpeboBaHUS NIPUBEAYT HAC K I10AI0 C KOM-
IIAEKCHBIX 4mcea). IlepBylo Takyro cuUCTeEMy d4muceA Hamlea B 1843 r. upaaHza-
ckull MareMmaTuk Y.-P. FamumabrToH. OHa IHoAyunaa Has3BaHHE cucmema Kea-
mepHuoHo8. Ee MOXKHO OIpefeAUTh U HCCAE0BATh aHAAOTHYHO CHCTEME KOM-
HAEKCHBIX unceA. OHa gBASETCA TEAOM, T. €. KOABIIOM C €QUHHIIEH, B KOTOPOM
BO3MOXKHO [OeAeHHe (paspemmnMbl oba ypaBHeHUd al/k=b myla= b npu
a# 0, uAM BCAKHUH HEHyAE€BOM 3AeMEHT HMeeT obpaTHbIi). Ho KoMMyTaTuB-
HOCTh YMHOZKEHHS MecTa He UMeEeT.

Cucmemoil kKeamepHUOHO8 Ha3bIBaeTCd MUHHMaAbHOE Teao H, conepxka-
1iee 1moae R neliCTBUTEABHBIX YHCEA B Ka4eCTBe ITOAIIOAT U 9AEMEHTHI (MHHUMBIE
enuHUIE]) i, j, kK 0 R, nepecTaHOBOYHBIE IIPH YMHOXKEHHH CO BCEMH NEHCTBH-
TEABHBIMH YHCAAMH U YAOBAETBOPSIIOIIME YCAOBUAM: 2 =2 =k2=-1 i/j=-
jld=k, k[d=-i/k 0= j [JokasbIBaeTCd A€MMa O CTPOEHUH CAEHYIOIIIETO TEeAa:
KasKIIBbIH €ro SA€MEHT MOXKHO IIPeACTaBUTHL B BUOe: x = a + bi+ ¢j + dk; npu-
4eM TaKoe IIpPeACTaBA€HHE €eIHMHCTBEHHOe. BoIpoc o cyliecTBOBaHUH TeAa
KBATEPHHOHOB PEIIaeTCHd €ro KOHCTPYKTHBHBIM IIOCTPOEHHEM Ha OCHOBE ITOAL
NEeHCTBUTEABHBIX YHCEA: JAEMEHTaMH Teaa H o0BABAAIOTCH BCEBO3MOXKHBIE

yIIOpsiioYeHHbIe YeTBepKU (a, b, ¢, d) melcTBUTEABHBIX unceA a, b, ¢, d 0 R,
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T.e. H=R*={(a, b, ¢, d): a, b, ¢, d 0 K. B aTOM MHOKeCTBEe BBOASTCS ABE OU-
HapHbIe asrebpandeckue onepamuu + u [

(a1, by, c1, di) + (a2, b2, 2, do) = (a1 + a2, b1 + b2, €1 + 2, di + do);
(a1, by, c1, di) Hag, bo, &2, do) = (a2 — b1ba — 102 — dida, anbs + biap + c1da —
—dic, aicy + crap + diby — bidz, ands + diaz + b1y — Clb2)-

[IpocThIMH IIPeOOPa30BAHUSIMH IIPOBEPSETCH BBIITOAHHMOCTH AKCHOM
Koabla. YerBepka (1, O, 0, O0) urpaer poab eIUHUYHOIO 3AeMeHTa, (0, 0, 0, 0) —
HyAeBoro. OOpaTHBIM 3A€MEHTOM [Ad HEHyAeBOI deTBepKH (a, b, ¢, d) 6ymer
gyerBepka (a/N, — b/N, - c¢/N, - d/N), tme N = a? + b2 + ¢2+ d2.

13 AeTKO IpOBeEpPsIEMBIX PABEHCTB:

(a” O’ O’ O) + (b7 O’ O’ O) = (a + b’ O’ O’ O)’
(a” O’ O’ O) [Kb7 O’ O’ O) = (aZB’ O’ 07 O)

CAEMIyeT, 4YTO MHOXKECTBO Ry Bcex yerBepok Buaa (a, 0, 0, 0), mas arobbix a 0 R,
obpasyeT B KoAblle R* moarioae, H3o0MOpHOEe MOAI R AeHCTBUTEABHBIX YHCEA.
Yersepku (0, 1, 0, 0), (O, O, 1, 0), (O, O, O, 1) urpatroT POAb MHUMBIX €IUHHUI] i,
J» kK COOTBETCTBEHHO.

TakuMm obpazom, aarebpa < R*; +, [I> gaBageTcsa TEAOM KBaTE€PHUOHOB,
€IUHCTBEHHBIM C TOYHOCTBHIO M0 H30Mopdu3ma. IIpu 3TOM MHOXKECTBO BCEX
4yeTBepoK Buzaa (a, b, 0, 0) maa awb6wIx a, b 0 R o6pasyer B Teae R* moxamoae,
H30MOP(HOE TTOAI0 KOMIIAEKCHBIX YHCeA. TO 3Ke MOKHO CKa3aTh OTHOCHUTEABHO
MHOXKECTBa BCEX YeTBepPoK Buma (a, 0, b, 0) 1 MHOXKeCcTBa BCeX YEeTBEPOK BUAA
(a, 0, O, b) gas ar00bIX a, b 0 R. 9T0 3HAYUT, YTO CUCTEMA KBATEPHUOHOB SIB-
ASIETCSI OTHUM U3 PACIIUPEHUN CUCTEMBI KOMIIAEKCHBIX YHCEA.

Obwuii Nn00x00 K xapaxKmepusayuu cucmem KOMNIEKCHbLLX, 080li-
HBIX U OYQIbHBIX UUCesl. ITOT IOAXO/I OCYIIECTBASIETCSI B paMKaxX HOBOTO 00-
IIETO TIOHSATHUS — TIOHATHS aATeOphl U aATEOpPHI C EAEHUEM HaJ TIOAEM, KOTO-
pble IIOAHUMAIOT HAYKY O YHUCAOBBIX CHUCTE€MAaX OT KOHKPETHBIX CHUCTEM YUCEA
B 00AaCTh COBpPEMEHHOM abCTpakTHOM aArebphl — Hayku 06 obmmx asrebGpa-
MYECKUX CHCTEMAX.

Aneebpa Hao nosem P paHea n ecThb aarebpandeckas cucrema < A; +, []
0>, B KoTopoili < A; +, [> ecTh n-MepHOE BEKTOPHOE IIPOCTPAHCTBO HaJ, IIOAEM
P, a < A; +, 0> ecTh KOABILIO, ITpUUeM oIepalud [}- YMHOXEHHUS S9AEMEHTOB U3
A Ha 5AeMeHTHI U3 P (BHeIIHss ollepalid YMHOXKEHUs) — U oneparud [1— yMm-
HO3KEHUS SAEMEHTOB B A (BHYTpPEHHSIS OIlepallisd YMHOXKEHUS) — CBI3aHbI CAe-
OYIOLIHUM TpeboBaHUeM:

(Ox,yOA)OaldP[ay Oy =x0O( Oy) = allx Oy)].
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EquHUYHBIN 3A€MEHT e Koablla < A; +, > HaspIBaeTca eduHuyell asred-
pyl. HyaeBoii saeMeHT O BEKTOPHOI'O IPOCTPAHCTBA < A; +, [> HaspIBaeTcd Hy-
Jlem aAreOphI.

TakuMm obpaszoM, asrebpa Had MOAEM — 3TO BEKTOPHOE MIPOCTPAHCTBO HAL
IOAEM (€0 Ha3bIBAIOT HOCUTEAEM aATeOphI), B KOTOPOM OIIpPeNeAeHa JOTIOAHUTEAD-
HO orepaiys [ yMHOXKEHHsI, TUCTPUOYTHBHAA OTHOCUTEABHO CAOXKEHUS + B BEK-
TOPHOM IIPOCTPAHCTBE U IIEPECTAHOBOYHAA C YMHOKEHUEM Ha CKaAdD.

HeTpyaHo MoOHATH, YTO cucTeMa R meHCTBUTEABHBIX YHCEA €CTh aarebpa
Han roaeM R paura 1; cucrembl C KOMIAEKCHBIX, D) ABOMHBIX U Dy AyasbHBIX
YHCEA SIBAFIOTCH asrebpaMu Hap roaeM R padra 2. Hakowner, aarebpa H KBa-
TEPHHOHOB HAaJ IoAeM R MMeeT paHr 4.

BepHo u oOpaTHoe yTBepXKIeHHE, XapakTepusymolnee cucreMmsl C,
D;u Dy: asrebpa c enuHUIIEH, OTAMYHON OT HyAs, Ha[ IIOA€M R neHCTBUTEABL-
HBIX YHCEA paHra 2 ecTb AMO0 aarebpa C KOMIIAEKCHBIX YHCeEA, AUOO aarebpa
D, nBOHHEBIX unceA, AUO0 aarebpa Dy AyaabHBIX YHUCEA.

Obwuii nodx00 Kk xapaKkmepusayuu cucmem oelicmeumenbHoulX Uu-
cesnl, KOMNNEKCHbIX YUcCesl U K8AMePHUOHOB8. MEI y:Ke OTMEeYaAH, 4YTO CHC-
TeMa KBATEPHHOHOB ITOCTPOEHA C BO3MOKHOCTBIO [AEACHUS B HEll ee dAeMeH-
TOB, 4YTO IIPHUBOAUT K OOILEMy HOHATHIO anizebpbul € OeneHuem Hao0 Nnosiem
P. 910 Takasa aarebpa < A; +, [] 0> Hax moaeM P, B KOTOPOM KOABITO < A; +, [1>
SABASIETCSI TEAOM.

OmnucaHre Bcex aAredp C AeAeHHeM KOHEYHOro paHra Hajn roseM R neii-
CTBUTEABLHBIX 4yHcea gaeT Teopema . dpobenuyca (1877): Bcakaa Takas aa-
rebpa ecTb AuO0 moAe AeHICTBUTEABHBIX YHCEA, AU0OO IIOAE€ KOMIIACKCHBIX YHCEA,
AnbO TeAO KBATEPHHUOHOB.

O danvHelwux 0606weHustX uucnoevtx cucmem. MOXHO U JaAbllle
060011aTh CHCTEMBI YHCEA, HO 3TH 000011IeHNd OyaAyT II0 HUCXOASIIeH B MEHb-
e cTereHH obAamaTh CBOMCTBAMH, IIPUCYIIMMH OOBIYHBIM YHCAAM, U TEM
caMbIM OyOyT BCe OAABIle YAAAITBECS OT TeX IIPAKTHUYECKUX 3a/ad, pellleHHe
KOTOPBIX IIPHUBEAO K BO3HHUKHOBEHUIO TEOPHUU YHCAOBBIX CHUCTeM. Maremartu-
JyecKad TeOpHd pa3BUBAETCH C OOABIIIEH CKOPOCTBIO 10 CBOUM BHYTPEHHUM 3a-
KOHaM, Bce OOABIIIE YAAAIAChH OT IPAKTHKH.

Caenyroommi mar B 00OOIIIEHUH YHCAOBBIX CHCTEM CBsI3aH C OTKA30M OT
CBOMCTBa aCCOIMAaTUBHOCTHU OIlepallii YMHOKeHHs uuncea. OHO 3aMeHdeTcs
G6oaee caabbIM TpebOBaHUEM aABTEPHATHBHOCTH YMHOXKEHHUS, COCTOSIIINM
B BBIIIOAHEHHUHU IBYX TOXKIECTB:

Ox,y0A) [(x0x) Oy=x0x0y)]; Ox,yOA) [(yOx) Ox=yO(x0Ox].
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Ecau B onpeneaeHHNH aAreOphbl C JeA€HHEM Haj ImoAeM P CBOMCTBO acco-
IMaTUBHOCTHU omepanuu [ B Teae < A; +, [J> 3aMeHUTh CBOMCTBOM aAbTepHa-
THUBHOCTH 3TOH oIlepallly, TO MbI IIPUIEM K OIIPEAEACHUIO A/lbMepHAMUEHOU
anezebpol ¢ deneHuem Hao nosem P. C y4eToM STOTO OIIPENEACHUS HCXOTHBIE
aAreOphI C IeACHHEM Ha3BIBAIOT ACCOUUAMUBHbIMU. SICHO, YTO BCSIKAad aCCOIIU-
aTHUBHasa asrebpa C IeAeHUEM SIBASeTCS aAbTePHATHBHOH.

OGobiiennas teopema ®. PpobeHUyca OaeT OMUCAHUE BCEX aAbTepHa-
TUBHBIX aATebp c meaeHmeM Han mmoaeM R. VIx Bcero dethIpe: asrebpa meificTBH-
TEeABLHBIX YHCEA, aAre0pa KOMIIAEKCHBIX YHCEA, aATeOpa KBaTEpPHHUOHOB U aAre0-
pa okTaB. Aarebpa okTaB OTKphITa ApTypoM Ksaau. OHa CcOmepKUT 8 MHUMBIX
€qUHUILl, BCAKUN ee BAeMEHT IIPEeACTAaBASIETCS B BHUAE UX AWHEHHOI KoMOuHa-
WU C AeHCTBUTEABHBIMU KO3((PUIIMEHTAMH U peasnu3yeTcs Kak BEKTOp u3 Re.

IlogBomga uTOT, MOXKHO CAeAATh caeAyrolmui BeiBon. Han rmoaem R medicTBH-
TEABHBIX YHCEA S aATe0p C AeA€HHEM BO3MOXKHBI AUIIE CAEAYIOIIME CAYIaU:

1) moae mefiCTBUTEABHBIX YHCEA — 3TO €QUHCTBEHHas aarebpa paHra 1;

2) moAe KOMIIAEKCHBIX YHCEA — 9TO €AUHCTBEHHAs KOMMYTATHBHAd U ac-
coruaTuBHag aarebpa paura > 1;

3) TeA0 KBaTEPHUOHOB — €IMHCTBEHHAs accollaTHBHAasg, HO HE KOMMY-
TaTHUBHas aarebpa KOHEYHOI'0 PaHra;

4) aareOpa OKTaB — eQUHCTBEHHAs aAbTepHATHBHAsI, HO HE aCCOLIMaTHB-
Hasg U He KOMMyTaTHUBHAas aArebpa KOHEYHOTO paHTa.

[obaBuM, 4TO BO BTOPOL IToAroBHHE XX B. HA OCHOBE TAYOOKHX TOIIOAOTHYEC-
KHX COOOpaskeHUul GbIAO JOKA3AHO, YTO HAJ ITOAEM R AeHiCTBUTEABHBIX YHCEA BCS-
Kas aarebpa c geaeHrieM uMeer paur 1, 2, 4 uau 8. TakuM 06pa3oM, U 9TO HAIIPaB-
AeHMe 000DIIEHHY CHCTEM YHCEA TIOAYIHAO OIIPEIeACHHOE 3aBEPIIIeHIE.

ITocTpoeHHBIE YHCAOBBIE CHCTEMBI Ha3bIBAIOT CUCMEMAMU 2UNEPKOM-
NAIEKCHBIX UUCeN, UAU 2UNEePKOMNIIEKCHbIMU CUCMEeMAaMU, TIOCKOABKY BCE OHH
IIPECTABASIIOT COO0M 00O0OIIeHUs TOHATHS KOMIIAEKCHOIO YHcAa. MarucrpaH-
Ty HOAE€3HO IIPECTABUTDL U OCO3HATDH I'eHE3HC 3TUX 0000IIeHHH.

Kak wu3BEeCTHO, KOMIIAEKCHBIE YHCAA TE€OMETPHYECKH H300pazkaroTcd
TOYKAMHU ITAOCKOCTH, U AeHCTBUS HAA HUMH COOTBETCTBYIOT IIPOCTEHIIINM re-
OMETPHYECKHUM IIPpeobpa3oBaHUSIM IIAOCKOCTH — ITapasA€AbHOMY II€PEHOCY, II0-
BOPOTY, PACTSKEHHIO HAH CKATHIO U UX KOMOMHarugaM. CHUCTEMBI THIIEPKOM-
IIAEKCHBIX 4YHCeA (M, IpexKae BCero, CHCTeMa KBaTepHHOHOB, OTKpbITad
Y.-P. 'aMHABTOHOM) ITOSIBUAMCE IIPH IIONIBITKAaX CO34AaTh TAKHE CHCTEMBI YHCEA,
KOTOpbIE MOTAU ObI OITUCHIBATEH F'€OMETPUUECKIE IIpeo0pa3oBaHusa B [IPOCTPAH-
cTBax pasMmepHocTeidl > 2. OKas3aaoch, YTO M3 BEKTOPHBIX IIPOCTPAHCTB pas-
MEPHOCTHU n > 2 Haj HoreM R AeHCTBUTEABHBIX YHCEA IIOCTPOUTH UHCAOBYIO
CHCTEMY C €CTECTBEHHBIMHM CBOHCTBaMHU OIl€pallN YMHOXKEHUS MOKHO JAAEKO

O6pasosarue u Hayra. Tom 19, Ne 1. 2017/ The Education and Science Journal. Vol. 19, Ne 1. 2017

97



© B. H. HeowuH

He OAd BCEX Pa3MEPHOCTEH, U Jaske B 9THX CAydasX NPUXOIUTCSI OTKA3bIBATb-
Cd OT pAa CBOMCTB, KOTOPBIMU 00OAQIaeT oIlepallysd YMHOXKEHHS KOMIIACK-
CHBIX YHCeA. B yacTHOCTH, HU ofHA aArebpa M'MIepKOMIIAEKCHBIX YHCEA He SIB-
ASIETCSI TIOAEM (B OTAMYHE OT KOMIIAEKCHBIX YHCEA): YMHOXKEHHEe He KOMMYyTa-
TuBHO. TeM He MeHee apudMeTHIEeCKHEe AeHCTBUS HAa KBATEPHUOHAMH COOT-
BETCTBYIOT IIPOCTEHIINM T€OMETPUYECKUM IIPeoOpa30BaHUIM TPEX- U YEThI-
PeXMepHBIX IIPOCTPAHCTB, a IIPOU3BeAeHIEe KBATEPHUOHOB APYT Ha Apyra He-
IIOCPEeNCTBEHHO CBSI3aHO CO CKAASIPHBIM M BEKTOPHBIM ITPOM3BEOEHHEM BEKTO-
POB B TpeXMepHOM IIPOCTPAHCTBE.

Bor Kakoii uTor creaaHHbIM 0000IIeHHSIM IToaBea akaneMuk A. C. IloHTps-
ruH: «TakuM o0pa3oM, AeHCTBUTEABHBIE U KOMIIAEKCHBIE YHCAA SIBASIOTCS ITPO-
OYKTOM HCTOPHYECKOI'O PasBUTHsS MaTeMaTHUKH. KBaTepHUOHBI OBIAM IIOCTPOEHBI
U3 0606IIIATEABCKHUX COOOpaskeHU. IT0 Oblaa IIOMIBLITKA OOOOIIUTL KOMITAEKCHBIE
YHCAQ, HO OHA HE JaAa IEHHBIX PEe3YABTATOB, TAK KAaK OTCYTCTBUE KOMMYTATUB-
HOCTH HE OAT BO3MOXKHOCTH Pa3BUTb TEOPUI0 KBATEPHUOHHBIX (PyHKIUH. 1o
CPaBHEHHIO C TEM 3HAYEHHEM, KOTOPOE HMMEIOT AeHCTBUTEABHbIE U KOMIIACKCHBIE
4HrcAa B MaTeMaTHUKe, POAb KBaTEpHUOHOB HUYTOXKHa» [18, c. 97].

JaabHeti1e o0O0IIIEHHsT B TEOPHH aATeOp HAYT II0 pay HarpaBaeHui. OT-
Ka3 OT aCCOLIMATUBHOCTH YMHOXKEHUs B aAre0pe IIPHUBOAUT HE TOABKO K aABTepHAa-
THUBHBIM aarebpaM, 0 KOTOPBIX TOBOPHAOCEH BBIIIIE, HO IIPH PACCMOTPEHUH APYTHX
TOXKIECTB — U K IPYTUM aAsrebpaM, B YaCTHOCTH K HOPOAHOBBIM aarebpaM u asres-
paM AU, UMEIOIM 3HaYUTEABHBIE [IPHAOXKEHHS B TEOMETPUH, TOIIOAOTHY, MaTeMa-
TUYECKOM aHaAu3e, (pusuke. Hapsay c aareOpaMy KOHEYHOTO paHra Haz rmoseM P
paccMaTpuBaroTcs 6eCKOHeYHOMEepPHBIE aATeOphI, TEOPHUT KOTOPBIX HAXOAUT IIpUMe-
HEHUe, B YaCTHOCTH, B (PYHKIIMOHAABHOM aHaAu3e. Eirle oquH T 0000IIeHu coc-
TOUT B TOM, YTO aATeOphI PaCCMATPUBAIOTCS HE HAJ I0AeM R AeHCTBUTEABHBIX UU-
cea, a Haz rmoaeM C KOMITAEKCHBIX YHCEA, UAH HAJ KAKUM-AHUOO JPYTUM TIOAEM, UAK
Iaske Han (KOMMYTATHBHBIMH) KOABIIAMHU. VIMEHHO B TakO#l OOLITHOCTH aAreOphl
n3ydarorcs B Tpakrare H. Bypbaku.

IIpouedypa yoeoeHust ONnst NONYUEHUSL HOBBLLX cucmem uucen. Ota
mpoleaypa — emle ogHa HAes, IIPHUBOASNIAS K IMOAYYEHUIO HOBBIX YHCAOBBIX
cucteM. OHa OCHOBaHA Ha aHaAHW3€ ITPOLEAypPhI, IPUBEAIIEH K PaCIIHNPEHUIO
cucreMbl R medcTBUTEABHBIX 4dHceA no Tpex cuctem C, D; u Dy. Kaxxpgasa us
3THUX CHUCTEM COCTOHUT M3 DAEMEHTOB BHOA z= a+ bi, rme a, b0 R, a i — HeKUi
HOBBIM 00BEKT, KOMMYTHPYIOUIHUH C AeHCTBUTEABHBIMH YHCAAMHU IIPHU YMHOXKe-
HUU, T. €. bi = ib gasa ao6oro b [0 R, ¥ yOIOBAECTBOPLIOIIHNHE yCAOBUIO: 2 =— 1,
ual 2 = 1, uau 2 = 0, T. e. 2 =¢, e € paBHo —1, uau 1, uau 0. Takum obpa-
30M, I1pu nepexone oT R K C, Dy, Dy IpOUCXOAUT yABOEHUE CUCTEMBI R, U MBI
OT CHUCTEMBI paHra 1 mepexomuM K CUCTEMeE paHra 2.
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Ecau Teneps 2Ty MPOLEAYyPY YABOEHHS IIPUMEHUTD K YHCAAM BHA Z = 4
+ bi, tne a, b 0 R, To MBI IIOAYYUM YUCAQ BUAA U = Z1 + 20, Tae 21, 22 1 C (UAHK
D,, uau Do), a j— HOBBIH OOBEKT, YOOBAETBOPSIOUINE YCAOBHIO: j2 = O, rme O
paBHO —1, uau 1, nau 0, 1 KOMMYTUPYIOIIUH IIPH YMHOXKEHUU C ACHCTBUTEAD-
HBIMH YHCAAMH, a IIPH YMHOXKEHHH Ha CHMBOA I CIIpaBa aHTHKOMMYTHPY-
IOIIMH C HUM (ji = — {j), HAH KOMMYTHPYIOIIUY C HUM (ji = ij), UAU BBIPOXKIEH-
HBIH (ji = 0), T. €. ji = dij, rae o paBHO —1, uau 1, uan O.

Torma, ecau z1 = a+ bi, zz=c+di,Tou=(a+ b)+(c+djj=a+ bi+cg+
dij. TlpousBeneHue ij IpeacCTaBAsIeT cO00 HOBBIM OOBEKT, KOTOPBIM obo3HAYA-
erca k= i. Torma u= a + bi+ ¢j + dk. DAeMeHTEHI i, j, kK HA3BIBAIOT MHUMBIMU
eduHuyamu. Ix monapHele IIPOHU3BEAEHUS BBIYHUCATIIOTCS UCXOAS U3 PABEHCTB:
2=¢g, =9, ji=0ai. [Ipu € =0 =0 = -1 noaAygyaeM CUCTEMYy KBaTE€PHHOHOB. Ta-
KM 00pa3oM, MbI OT YHCAOBOH CHCTEMBI paHra 2 B pe3yAbTaTe OIIHMCAHHOH
IpoLeAyPhl, Ha3bIBAEMOM IPOLIEAYPOH YABOEHHUH, IIEPEXOUM K CUCTeMaM I'H-
IIEPKOMIIACKCHBIX YHCEA paHra 4.

[laaee mpolienypy YABOEHHS MOXKHO IIPHUMEHUTH K CHCTEMe YHCeA BHOA
u=a+ bi+ ¢j+ dk, moAy4IeHHO# Ha IIPEABIAYIIEM IIIare IPoleaypbl YIBOECHUS.
IMoayunM 4yHcAa BUAA W = Uy + Upl, T U1, Up — YHCAQ TIPEABIAYIeH YHMCAOBOH
CHCTEMEBI, a | — HeKUH HOBBIM 00beKT. U Tak masee. TaKUM IIyTeM IIOAYIAIOTCS
TUIIEPKOMIIAEKCHBIE YHCAOBBIE CHCTEMBI DaHra n, IZe N — CTEIeHb 4Yucaa 2.
Cpenu 3THUX CHCTEM K HACTOSILIEMY BPEMEHH XOPOIIO HM3y4YeHbl TaK Ha3bIBa-
emble uyncaa Kamddopnma, umcaa 'paccmana, uncaa Ilayam, umcaa [dupaka,
yncaa Kaaynpl u pan Apyrux. [Jagd HHUX IIOCTPOEHBI TEOPHH, BO MHOTOM aHAaAO-
TUYHBIE TEOPUU (PYHKIINIE KOMIIACEKCHO# mIepeMeHHo#. Baaromapsa 3ToMy OHHU
HAIIIAHW OIIPEIEA€HHOE IIPHUMEHEHHE B Ps/Ie Pa3/IeAOB COBPEMEHHOM MaTeMaTH-
KH U [IPYTHUX HAyK: HEEBKAUIOBOM IeOMeTPHH, TEOPHHU HEINpPEepBLIBHBIX T'PYIIII,
KBaHTOBOH TEOPHUHU II0AL, TEOPUHU YIIPYTOCTH U Ap. [16].

* % %

Ha ypoBHe Maructparypbl BC€ 3TH BOIIPOCHI MOTYT OBITH PaCCMOTPEHbI
C Pa3HOH CTEIEeHBIO IOAPOOHOCTH: HEKOTOPBIE AETAABHO C JOKA3aTEAbCTBAMH
M3A0KEHBI Ha AEKIUAX, APyTHe pa3obpaHbl Ha MPaKTHYECKUX 3aHATHIX, TPe-
TBUM MOTYT OBITH ITOCBSIIIEHBI KypPCOBBIE U BBIIIYCKHbIE KBAaAW(PUKAIIMOHHBIE
paboTsl (MarucTepckue auccepTanuy). [locaegHue MOTYT U JaAbllle pa3BUBATh
Teopuio aarebp, KoTopas He 3aKaHYWBAETCS IIPUBENEHHBIMU pPe3yAbTaTaMH,
a TOABKO C HUX HauynHaeTcd. C comepKaTeAbHBIMH IIOAPOOHOCTSMH [IaHHBIX
TEOpHUH MOXKHO ITO3HAKOMHUThCA B KHUTax M. A. Kantopa, A. C. Con0l0BHHKO-
Ba, C. B. Aapuna, B. U. Heuaea, A. C. Iloutpsaruna, C. decepmana [13, 17-20].

Hraxk, Teopus aarebp, HadaBIIAsCH C U3YYEHHA YHCEA M YHCAOBBIX CHC-
TeM, JOCTHUIAA B HACTOsIIEe BpeMs BBICOKOH CTEIeHH OOOOIIEeHHOCTH U I'AyOH-
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HbI. B 5TOM KadecTBe OHa HAXOOUT IIPUMEHEHUE B PA3AMYHBIX pa3gesax MaTe-
MaTHKH, B I[pyI‘I/IX HayKaX H B HpaKTI/IKC.

OCBO€EHHE OCHOB 3TOM TEOPHUH MATHCTPOM ITPOHAS «MATEMATHIECKOE 00pa-
30BaHUe», HECOMHEHHO, OyIeT CITIocOOCTBOBAThL 00AeE OCO3HAHHOMY TOHHUMAHUIO UM
CYILIECTBA aKCHOMATHYECKOTO METO/A, CTPOEHHSI aKCHOMATUIECKHUX TEOPUl B Ma-
TEMATUKE, MEXAHHU3MOB Pa3BUTHS MATEMATHUUYECKOM HAYKH, 8 BMECTE C TEM ITOMO-
KET CAOKHUTECS IIEAOCTHOMY BHIEHHUIO MATEMATHKU KaK €IUHOM HayKu. B pe3yab-
Tare o0pa30BaTEeAbHbBIM YPOBEHb MArucTpa Oy/IeT BbIIIE 00pa30BATEABHOIO YPOBHS
GakasaBpa I1eJaroru4ecKoro MaTeMaTHIECKOTO 00pa30BaHuUs.
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